yCIIOBHas onTumMusaumsa npoBepkKa
JINHEUHbIX OrpaHU4vYeHumN.

Jlekuna 13



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+¢ HP=r

el S G G e N =g = e IALFI G+¢

R Pl =)
>Y=al+pG+& a—-f=0=>H=(1 -1);r=0

o PEy=1

Ex2: Y=H°K’I's=>IhY=aH+BInK+yInL+&,
B+y=1/2

i A A
=1o 1 el

Y & =ee= (y—XB)’ (¥ = XB)——> min



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnM4YeHunNAMu

y=XpP+e& HP=r
B=(XX) X'(y-g)=

1

>r=Hp=H(XX) X'(y-¢g)=

= Ag=b; A=H(XX) X, b=H(XX) Xy-r

OOswrunbii MHK we npoxoaurt!!!!




MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+& HB=r

;ef :e’e:(y—XB)’ (¥ — XB)——> min

Vine. B, =Byy —(X'X) H’[H(X'X)‘IH']_I(HBUR—r)

B = (X'X) " Xy;



YCJIIOBHAA ONTUMUI3ALUA

y=XpP+¢g HPp=r

;&2 =e’e:(y—XB)'(y_Xﬁ) Hpr )min

L(B;2)=(y-XB) (y—XB)-2' (Hp-r)—> min



YCJIIOBHAA ONTUMUI3ALUA

L(B;:2)=(y—XB) (y-XB)-'(Hp-r) - min

FOC:
L), (B;2)=0V/ Kk ypaBHeHmuii (110 KOI-BY K03()-TOB)

L, (B;A)=0V/ m ypaBHeHuii (10 KOI-BY YCIOBHi)

2 .
soc; TLBY)
OB'ON

> () (B CMBICJIE€ MOJIOKUTEIBHON OMPEAEICHHOCTH )



YCJIIOBHAA ONTUMUI3ALUA

L (B; l) =yy-yXp-PXy+pXXp—ALHB+AT

(B;:2)=0 L (B:2)=—2X'y+2X'XB-HA=0 (1)
L; (B;A)=r—Hp=0 (2)




YCJIIOBHAA ONTUMUI3ALUA

y=Xp+e; HB=r

L, (B:2)=0 (L, (B;a)=-2Xy+2XXp-H2A=0 (1)
7L (B) =r—Hp =0 (2)

D =p=(XX) Xy+0.5(XX) HL (3)



YCJIIOBHAA ONTUMUI3ALUA

S {Lﬁ (B;x):()<:>{Lﬁ,(ﬁ;l):—ZXy+2X’XB—H’x:0 (1)
L; (B;A)=r-HB=0 (2)

)= p=(XX) Xy+05(XX) HL (3)

(2),(3) = r=Hp = Hp,, +0.5H(X'X) H'A (4)



YCJIIOBHAA ONTUMUI3ALUA

Ly(B;2)=0  [L(B:2)=-—2X"y+2XXp-H™L=0 (1)
7 L; (B;2)=r—-HBp=0 (2)

)= p=(XX) Xy+05(XX) H™L (3)
(2),(3) = r=Hp =Hp,, +0.5H(X'X) HA (4)

=i

A= 2[H(X'x)‘1 H} (r-Hp,) )



YCJIIOBHAA ONTUMUI3ALUA

y=Xp+& HPp=r

Liy(B;A)=0 |L;(B;a)=-2Xy+2XXp-H2=0 (1)
Y L (B;h)=r-HB=0 (2)

O=p=(X ) Xy+05(XX) H'A (3)

2 2[H(X'X)‘ H’T (r-Hp,)

(0.5)= By =By + (XX) H[H(XX) " H'] (r-Hp,, )



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+& HB=r

;ef :e’e:(y—XB)’ (¥ — XB)——> min

Vine. B, =Byy —(X'X) H’[H(X'X)‘IH']_I(HBUR—r)

B = (X'X) " Xy;



MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

B = Bux + (XX)" H/| H(X'X)’ H'T (r-Hp,, )=

=B, = (1 -(xX)" H|H(XX)" H’T ij}UR +(XX) | H(XX)" H’T r=

:>BR :RIBUR +R2



MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

A

B, = (1 -(xX)" 1 H(XX)" H'T Hj Bue + (XX)" H| H(XX)" H'T r

BR = RIBUR +R2

56N<a;62):> né+r, EN(I"ICZ+I"2;UZI"I2>;

EeN(a;Z)=R,E+R, eN(Rja+R,;RZR))
Varf, =R, VarB,R| = o’R, (X'X) 'R

B, < N(B:o"R, (X'X) 'R}

Vnpaorcnenue : noxazate:Ef, =p



MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

y=XB+¢& HP =r

HB,=r; it HP .=r=p, =P, =
— Paccmorpum nmHernyro perpeccuro Y = X + €;
Pur=Poss

1 mpoBepuM runoresy: Hp=r



MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

£ e N(a;0%) = hé e N(ha;o°h*);
¢ eN(a;Z) = HE e N(Ha; HZH')

Boss € N(Bi? (XX) ') = Hy, < N(rs0*H(X'X) " 1)



NMPOBEPKA NNOTE3bl O NUHEUHbLIX OFPAHUYEHUAX
ﬁOLS < N(B;GZ (X'X)_l) > HﬁUR = N(I‘;GZH(X'X)_1 H')

feN(ao’)=z=(5-a)o eN(G1); 2°=(£-a)o” (¢—a)~ 1
EeN(aZ)=z=X"(§-a)eN(0;I); K =zz=(E-a) Z'(§-a)~ z
o [H(XX)" ]| (BB, —r)eN(0;1)

e -1

H(X'X)"H'| (Hy —r)~ 7,




MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

Bos €N(B:0” (X'X) ') = HBy, eN(r;0”H(X'X) ' H')

=

K, =07 (HBy, —r)’ [H(X’X)_l H} (HBy, - 1)~ 1,

Sz(n_k) e'e 2
g :02~ 2t

B ICs /m B (HﬁUR _r)' [H(X’X)_l H’:|_l (HﬁUR —l’) n—k :
_K/(n—k)_ s = ~F(m,n—k)




MPOBEPKA F'MMNOTE3bl O NIMHEUHbLIX OFPAHUYEHUAX

(BB, ) [H(xx)" W] (B, ), _,

/

€cC m

y

~F(m;n—k)

Ex: Hgfri=...0; =0 p=0=
lglOLS (X’X)ﬁOLS/k $s
()

Tect nunentuyeH tecry Ha ocHoBe LIIIT:

s N("%Qlj = (un):z= (@) " Ly - (xx)* £ - n (o)

o}

H=Lr=0;, F= F(k;n—k)

JloBepuTenpHas 001acTh- SJUIUIIC B K-MEPHOM MIPOCTPAHCTBE.

Ynpaowcnenue .

MOJYYUTh TAHHBIM PE3YJbTAT HA OCHOBE TOTO,

2 -1
YTO NPU UCTMHHOCTH THIIOTE3BI B, ¢ € N(O; o’ (X'X) )



NMOCTPOEHUE OOBEPUTEJIbHbLIX OBJIACTEN




MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+g HPp=r

-1

B = Buo —(XX) /| H(XX)" H'| (HBy, —r)

!

ey =y~ XB, =Y - XBy, + X(XX)" H|H(XX)" H'| (H,, —r)=

— € =€, tIy =

/

| i ' ’
= € €, = €,,€,, +2€,m, +m,m,

' —
er L X=>e,,m, =0=>

' Ly ' -
T2 eReR 7y eUReUR + meX’



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+egHp=r
y

B =Bux —(XX)" | H(XX) H'| (Hpy, —x)

eR :eUR+mX
€r :y_XBR
Cur :Y_XBUR

m, = X(X'X)" H'|H(XX)" H'T (HBy, )

!

!
% +m,m

¢ UR X

i /
e, =€

' | ]

mim, = (HBy, —r) | H(XX)" H'| B(XX) XX(XX)" H|H(XX)"B'| (HB,, -r)=

' A

(i, o] [x) 0] (0, ), e



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=Xp+& HP=r

! !

= '
eReR ¥, eUReUR o meX
'

mjm, = (Hp,, —r) | H(XX)" H'T (HBy, —1) = eje, — € ey

£ g (HﬁUR —r)' [H(X'X)_l H’T (HBUR —r) nt B
e'e m
ResSS;  ResSSyy

_ (eher —€lge)/m _ ( 7SS 7SS )/m 2

e{lReUR/(n—k) 2 Res35,, /(n—k)
TSS




MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=XB+g HPp=r

] (HﬁUR —r)’ [H(X’X)—1 H’T (HﬁUR —r) n—k _
e'e m

ResS55,  ResSSy, 4
Y (G et nint 2\ TSS TSS

e e /(n—k) ResSSUR/(n_k)

7SS
— (RéR_Ré)/m ~F(m;n—k)

(I—Rf]R)/(n—k)




OueHKa 3HaYMMOCTH rpynnbi nepeMeHHbIX

JInHenHbIM orpaHu4yeHuem Ha3blBaeTCH
ycrioBue JIUHENHON 3aBUCUMOCTU KO3I(PPULNEHTOB
perpeccumn

3HA4YMMOCTb Ipynnbl MNEePEMEHHbIX
oueHunBaeTca F-tecTtom

Vayuwenue xauecmea ypasnenus / Hucno ucnonv3osanusvix cmenenet c60600bl

Heobvsacuennas cymma keaopamos omknonenuti / Ocmasuieecs 4ucio cmeneteu c60000bl

" (RSS, —RSS,;)/m

F
RSS,, /|n—k}

F,, =F,

;m+s;n—m—s—1

3HA4YNMOCTb rpynnbl NnepemMeHHbIX HE O3Ha4aeT

3HAaYMMOCTU KaXXOou U3 nepeMeHHbIX B 3TOU rpynne
25



F TecT Ha NUHEeNHbIle orpaHnyeHus

reg S ASVABC

Source | SS df MS Number of obs = 570
————————— Fmm e D 568) = 284.89
Model | 1153.80864 1 1153.80864 Prob > F = 0.0000
Residual | 2300.43873 568 4.05006818 R-squared = 0.3340
————————— e S - el R L e i Adj R-squared = 0.3329
Total | 3454.24737 569 6.07073351 Root MSE = 2.0125
S Coef. Std. Err. t P>|t] [95% Conf. Interval]
_________ +____________________________________________________________________
ASVARBRC | .1545378 .0091559 16.879 0.000 .1365543 .1725213
_cons | 5.770845 .4668473 12.361 0.000 4.853888 6.687803

34



F TecT Ha NUHEeNHbIle orpaHnyeHus

reg S ASVABC SM SF

Source | SS df MS Number of obs = 570
————————— B e e D AL 566) = 110.83
Model | 1278.24153 3 426.080508 Prob > F = 0.0000
Residual | 2176.00584 566 3.84453329 R-squared = 0.3700
————————— e o e e e e e Adj R-squared = 0.3667
Total | 3454.24737 569 6.07073351 Root MSE = 1.9607
S Coef Std. Err t P>|t] [95% Conf. Interval]
_________ +____________________________________________________________________
ASVARBRC | .1295006 .0099544 13.009 0.000 .1099486 .1490527
SM | .069403 .0422974 1.641 0.101 -.013676 .152482

SF | .1102684 .0311948 S35 0.000 .0489967 .1715401

cons | 4.914654 .5063527 9.706 0.000 3.920094 5.909214

NMpoBepnMm Ha ocHOBe F TecTa COBMECTHYIO HE3HAaYMMOCTb Kornu4yecTBa neT oby4dyeHus
poauTteneu



F TecT Ha NUHEeNHbIle orpaHnyeHus

Y=06,+06,X,+u RSS,
Y=0+06X,+0:X;+ b, X, +u RSS,
H,:p,=0,=0

H, :B,#00r S, #00r both £, and B, #0

improvement / cost

F(cost, d.f. remaining) = e T degrees of freedom

unexplained / remaining

(RSS, — RSS,)/2  (2300.4-2176.0)/2
RSS, (570 4) 2176.0/566

Fi010(2,120) = 7.32

F(2,570—4) = =16.18

41



OueHKa 3HAaYMMOCTMU rpynnbl NepeMeHHbIX

3HA4YMMOCTb BKITHOMaeMOW rpynnbl
NnepeMeHHbIX OLleHMBaEeTCA F-TecToMm

Vayuwenue xauecmea ypasnenus / Hucno ucnonv3osanusvix cmenenet c60600bl

Heobvsacuennas cymma keaopamos omknonenuti / Ocmasuieecs 4ucio cmeneteu c60000bl

~ (RSS, —RSS,.,)/s

m+s

F =
RSS,.. /|n—(m+s)]

F,, =F,

;m+s;n—m—s—1

3HA4YNMOCTb rpynnbl NnepemMeHHbIX HE O3Ha4aeT

3HAaYMMOCTU KaXXOou U3 nepeMeHHbIX B 3TOU rpynne
29



MeToA HaMMEeHbLWUX KBagpatoB C JINHENHbLIMU orpaHnN4YeHnNAMu

y=Xp+&Hp=r;X=(1LX,,...,X,)

(RéR _RI% )/m “.

= F(mn—k
8 Sy nak b e

Ex:

Hos = et =0

H:B +...+ B, #0

2 =
H o>m=k-1,R;=0=>F = Run/(k=1) ~F(k-Ln—k)

(I—RéR)/(n—k)



F TecT Ha NUHEeNHbIle orpaHnyeHusn

Y=06+6,X,+.+B8,X,+u

H;: 8, =.=0=0
H, : atleastone 8 #0

REMES IS
(1-R*)/(n—k)
ESS
2 TSS/ CD  pssie-1)

~RSS /.. RSS/(n—=k)
TSS/ )

F(k—1n—-k)=

ESS | TSS is equal to R2 and RSS/ TSS is equal to (1 - R?). (For proofs, see the last
sequence in Chapter 3.)

10



F TecT Ha NUHEeNHbIle orpaHnyeHus
S=p,+B,ASVABC + B.SM + B,SF +u

H: p,=8,=p,=0

. reg S ASVABC SM SF

Source | SS df MS Number of obs = 570
————————— e e i B3, 566) = 110.83
Model | 1278.24153 3 426.080508 Prob > F = 0.0000
Residual | 2176.00584 566 3.84453329 R-squared = 0.3700
————————— B o e e Adj R-squared = 0.3667
Total | 3454.24737 569 6.07073351 Root MSE = 1.9607

S 4 Coef. S€d=-. Exx: t P>|t| [95% Conf. Interval]
_________ +____________________________________________________________________
ASVABC | .1295006 .0099544 13.009 0.000 .1099486 .1490527
SM | .069403 .0422974 1.641 0.101 -.013676 .152482

SF | .1102684 .0311948 31535 0.000 .0489967 .1715401
_cons | 4.914654 .5063527 9.706 0.000 3.920094 5.909214
F..0..(3,120)=5.78 F(3,566) = 110.8

,0.

~2176/566

18



NMPOBEPKA NMNOTE3bl C OQHUM NIMHEWHLIM OrPAHMYEHUEM

y=XB+egc'Bp=r
B, e N(B;0'2 (X’X)_l) — B, € N(r;azc'(X’X)_l c)

3 _Sz(n—k)_e'e 8

s c'p—r
Jore (XX) ¢ % %

= \/K/(”_k) :\/ c'e c’(X’X)_lc 5 \/szc’(X’X)_lc

n—=k



NMPOBEPKA NMNOTE3bl C OQHUM NIMHEWHLIM OrPAHMYEHUEM

y=Xp+g,c'p=r

K0 \/ ne;ek S(XX) e VTe(XX) e 77
o (c'ﬁ—r)l . (cB-7) [c'(’X'X)_ c| (¢B-r) P Aoy
s*e'(X'X) ¢ e'e/(n—k)
Ex: ¢ =(0,...0,1,,0...0) = F = _ﬂi_r) {21' :'T =1’
s’ _(X'X) lli s.e.f3,



NMPOBEPKA NNMNOTE3bl C OQHUM NNIMHEWHLIM OFPAHMYEHUEM

reg S ASVABC SM SF

3 426.080508
566 3.84453329

Number of obs
gl L 566)
Prob > F
R-squared

Adj R-squared
Root MSE

570
110.83
0.0000
0.3700
0.3667
= 1.9607

Source | SS
————————— +
Model | 1278.24153
Residual | 2176.00584
————————— +
Total | 3454.24737
S Coef
ASVARBC .1295006
SM .069403
SF .1102684
cons 4.914654

.0099544
.0422974
.0311948
.5063527

.1099486
-.013676
.0489967
3.920094

.1490527

.152482
.1715401
5.909214

Now we have added the highest grade completed by each parent. Does parental education
have a significant impact? Well, we can see that a t test would show that SF has a highly
significant coefficient, but we will perform the F test anyway. We make a note of RSS.



F TESTS OF GOODNESS OF FIT
Y=0+p6,X,+5,X,+u RSS,
Y=0+06X,+0:X;+ b, X, +u RSS,
H,:8,=0
H :6,#0

improvement / cost

F(cost, d.f. remaining) = e degrees of freedom

unexplained / remaining

The F test has the usual structure. We will illustrate it with an educational attainment model
where S depends on ASVABC and SM in the original model and on SF as well in the revised
model.

45



F TESTS OF GOODNESS OF FIT

reg S ASVABC SM

Source | SS df MS Number of obs = 570
————————— Fmm e D 567) = 156.81
Model | 1230.2039 2 615.101949 Prob > F = 0.0000
Residual | 2224.04347 567 3.92247526 R-squared = 0.3561
————————— e L e e i Adj R-squared = 0.3539
Total | 3454.24737 569 6.07073351 Root MSE = 1.9805
S Coef Std. Err t P>|t] [95% Conf. Interval]
_________ +____________________________________________________________________
ASVARBRC | .1381062 .0097494 14.166 0.000 .1189567 .1572556
SM | .154783 .0350728 4.413 0.000 .0858946 .2236715

cons | 4.791277 .5102431 9.390 0.000 3.78908 5.793475

Here is the regression of S on ASVABC and SM. We make a note of the residual sum of
squares.

46



F TESTS OF GOODNESS OF FIT

reg S ASVABC SM SF

Source | SS df MS Number of obs = 570
————————— B e e D AL 566) = 110.83
Model | 1278.24153 3 426.080508 Prob > F = 0.0000
Residual | 2176.00584 566 3.84453329 R-squared = 0.3700
————————— e i e e e e = Ad]j R-squared = 0.3667
Total | 3454.24737 569 6.07073351 Root MSE = 1.9607
S Coef Std. Err t P>|t] [95% Conf. Interval]
_________ +____________________________________________________________________
ASVARBRC | .1295006 .0099544 13.009 0.000 .1099486 .1490527
SM | .069403 .0422974 1.641 0.101 -.013676 .152482
SF | .1102684 .0311948 S35 0.000 .0489967 .1715401
_cons | 4.914654 .5063527 9.706 0.000 3.920094 5.909214
(2224.0-2176.0)/1
F(1,566) = =12.49 F, . 0, =11.38
2176.0/(566) clh0i1%
%ot v
2 L i e O 1) 3.373° =11.377
3.535% =12.496 S

If all the variables are correlated, it is possible for all of them to have low marginal
explanatory power and for none of the t tests to be significant, even though the F test for

their joint explanatory power is highly significant.

If this is the case, the model is said to be suffering from the problem of multicollinearity P2



npumMmep TeCcta Ha JINHEUHbIE orpaHnN4yeHus

reg InQ InL InK
Source | SS df MS Numberofobs= 15
+ F( 2, 12)= 186.81
Model | .061682789 2 .030841395 Prob>F = 0.0000
Residual | .001981101 12 .000165092 R-squared = 0.9689
+ Adj R-squared = 0.9637
Total | .06366389 14 .004547421 Root MSE = .01285

InQ| Coef. Std.Err. t P>t [95% Conf. Interval]
+

InL | .7575309 .7073246 1.07 0.305 -.7835969 2.298659
InK| .188014 .138675 1.36 0.200 -.1141328 .4901608
_cons | .5006224 4.480004 0.11 0.913 -9.260468 10.26171

_test_b[InK]+_b[InL]=1
(1) _b[InK]+_b[InL]=1

F(=t = 120=250.01
Prob>F = 0.9255



Konen gexkiuun



